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Abstract. The maximal local symmetry associated with the exterior metric of a charged 
rotating object, relating distinct solutions of the field equations, is proved to be eight- 
parametric. The finite transformations are explicitly exhibited. 

1. Introduction 

The exterior metrics of charged rotating objects and charged black holes are described 
by the pseudo-stationary axially symmetric solutions of the Einstein-Maxwell equa- 
tions, satisfying appropriate asymptotic conditions (Carter 1972). The latter have 
been cast (Ernst 1968) into a convenient form, in terms of two ‘potentials’ E and $, 
which are complex functions of two coordinates (p, 2). The potentials satisfy a set of 
non-linear partial differential equations: 

f V Z E  - VE. @ E  + 2**V*) = 0 p2* -V*.@E + 2**V*) = 0 ,  (1) 

where 

a’ a2 1 a 
ap2 az2 p ap 

2 f = ~ + ~ * + 2 $ 4 * ,  and C =-+-+-- 

Due to their astrophysical relevance, these equations have been intensively studied, 
and a few physically accepted solutions were found (Newman et a1 1965, Esposito and 
Witten 1973, Tanabe 1977) by various methods. One of the successful approaches is 
the generation of new solutions out of known solutions (Kinnersley 1977). This can 
be done with the aid of the local symmetry group associated with the equations, a 
group which we are going to investigate. 

2. The group of transformations 

Thus we focus our attention on the most general one-parameter group of trans- 
formations 

E -$ E ‘ ( t )  * --* *‘( t ) ,  (2) 

which transform solutions into solutions. In  order to obtain it, the trajectories of ( 2 )  
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are considered in their differential form: 

!!!= V(p, z ,  E ,  *, E * ,  **). 
dt 

We seek the most general functions E and V allowed thereby. First, we calculate the 
dependence on the parameter of the quantities VE, V$, V2e  etc, induced by (3): 

d a€ a~ aE a€ a ~ a 4  aE a€* aE a$* 
dt ap ap a€  ap a* ap a€* ap a$* ap 

d a4 a? aV ae aYa* aV a € *  aY a$* 
dt  ap ap a€ ap a* ap a€* ap a** ap 

--=- +----+--+--+-- 

--=- +--++-+--+-- 

- - - - + 2 - - + 2 - - + 2 - - + 2 7 -  d a2€ a2E a2E a€ a2E a* a ’ ~  a€* a ’ ~  a** 
dt ap2-ap2  ap a€ ap ap a* ap ap a€* ap ap a* ap 

2 a 2 ~  a€ a€* + 2 - - -  

aE a 2 E *  aE a’** 
a€* ap2 a** ap2 ‘ 

+--+-- 

Similar expressions are obtained for the remaining derivatives. Equations (1) are now 
differentiated with respect to the parameter t ,  and the aformentioned expressions are 
substituted. In the resulting expansions, the differential coefficients a€/ap, a ’ ~ * / a p ’  
etc, are subject only to the constraints of equations (1) and their complex conjugates. 
Thus we can use these equations to eliminate some of the coefficients, ending up with 
expansions with independent coefficients. Equating to zero the relevant terms, after 
some rearrangement we are led to the following set of necessary and sufficient 
conditions to be satisfied by E and Y: 

V2E = 0 

a aE a aE 
ap a€ az a€ - ( f - - E - 4 *V) = 0,  - ( f - - E - *VI) = 0 

a aE j-( fG- **E) = 0 
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v2v = 0 

-(2f--\lr)=O, a a* 
ap a E  

with 

R = $ ( E  + E * ) + $ * Y + + q * .  

Furthermore, it can be shown that the local symmetry requirement (with the aid of the 
equations above) implies that E and q are independent of E *  and $*. 

3. Solutions 

A lengthy manipulation of the conditions obtained in the last section leads to the most 
general solution: 

E = iAE2 + 2 a ~ 4  + (p  + P * ) E  - 2y1j +iB 

q = i ~ c 4 + 2 a * ~ + a * ~  +p* + y * ,  

with arbitrary real constants A ,  B; and arbitrary complex constants a, P, y. 
Consequently, the maximal local symmetry group is eight-parametric. 

In view of (4), equation (3) can be integrated to yield the finite local trans- 
formations. It proves more convenient to express the result in terms of the quantities 

with the inverse relation 

These new potentials satisfy a set of equations wherein, unlike (l), the two potentials 
appear in a symmetrical manner, viz.: 

(t(*'*+r)v*- 1)V2(-2V5.(5*V5+q*V7-/)=0 

(&*+r/r/*- 1)V2q -2V7-/.((*V5+q*Vr/)=O. 
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The maximal continuous local symmetry group is then: 

where 

all a12 a13 

a21 a22 a231 

a31 a32 a 3 3  

is an arbitrary SU(2, 1) matrix (the role played here by the group SU(2, 1) has already 
been recognised (Kinnersley 1973)). 

Special cases of formula (5) have been derived (Meinhardt and Leibowitz 1978) (in 
( E  - $)-language) as tools for generating new physical solutions starting with physical 
metrics. 
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